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O 3a/],aHe HeHMana ^jia ypaBHGHHH IIlTypMa— JlHyBHjijiH c 
caMono/],o6HbiM bgcom KaHTopoBCKoro THna 

A. A. Bjia^HMHpoB, H. A. IHelinaK 
Ahhotali,hh. PaccMRTpHBaiOTca BTopaa h TpeibH rpaHHHHbie sa^a^H fljiH /i,H4)4)epeHLi,Hajii>- 

HOrO ypaBHCHHH 

~y" - Apt/ = 0, 

. rfle Bee p e M^2^^ [0, 1] npe;];eTaBjiaeT eo6oH o6o6iii;eHHyK) npoHSBOflnyio eaMono/],o6HOH 4)yHKn,HH 

KaHTopoBeKoro THna. Ha oenoBe HsyneHHa oeii,HjijiHn,HOHHbix eBofteTB eo6eTBeHHbix (|)yHKn,HH: 
eymeeTBCHHO yTOHHsiOTea xapaKTepneTHKH HSBeeTHbix eneKTpajibHbix aeiiMHTOTHK TaKHx sa- 



(N 
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§ 1. BBe^eHHe 

1. B HacToameii cxaxbe npo^ojiJKaeTca HaMaxoe pa6oTaMH [I] h [5] HsyneHHe cneKxpajibHtix 

aCHMHTOTHK rpaHHHHOH 3a;],aHH 

(1) -y" - Xpy = 0, 

(2) y(0) = y(l) = 0, 

^ I rfle Bee p G Ty2~^[05 1] npe^^exaBjiaex eoGofl o6o6iii;eHHyio npoH3Bo;];Hyio neKoxopofi eaMono^oG- 
0^ ■ HOH (|)yHKij,HH P G L2[0, 1]. OeHOBHbie pesyjibxaxbi yKasannbix pa6ox eoexoax b ejie^iyiomeM. 

^ ■ YexaHOBjieHO, hto b ejiyiae exporofi nojiojKHxejiBHoexH cnenmpaA'bHOZO nopRdna D G [0, 1) 

(|)yHKii;HH P eHHxaiomas (|)yHKLi;HH N : (0, +oo) — )■ N eo6exBeHHt.ix aHaneHHii sa^aHH ([T]), ([2]) 
^ \ HMeex npH A — t- +oo acHMnxoxHKy 

(3) Ar(A) = A^- (s(lnA) + o(l)), 

r^e s — HeKoxopaa saBHcamaa ox BbiGopa Beca p HenpeptiBHaa nepno^HHecKaa (|)yHKn;H5i. B 
cjiynae Heapucf}MemuHHOcmu xnna caMono^o6Hii (|)yHKi];HH P (|)yHKLi;H5i s saBe^oMo aBjiaexcs 
^ . nocxoaHHoii. B cjiynae xce apu^MemuHHOcmu 3xoro xnna 4)yHKn;Ha s o6jia^aex nepno^oM, 

I paBHbiM masy caMonodo6usi (|)yHKij,HH P. 

B paGoxe [3j 6t>ijia c4)opMyjiHpoBaHa rnnoxesa o xom, hxo (|)yHKn;HH s aBjiaexca nenocxo- 
3HHOH ;i,jiH npoHSBOJiBHoro HepaBHOMepHoro Beca c apH(|)MexHHecKH caMono^oGnoH nepBooG- 
pasHOH. B pa6oxe [2] na ocHOBe pesyjibxaxoB HHCJieHHbix sKcnepHMenxoB Gbijio noKasano, hxo 
(|)yHKi];H3 s ;i,eHCXBHxejibHO He Moacex aBjiaxtca hocxojihhoh b xom HpocxenmeM cjiynae, ko- 
o6o6meHHa3 nepBooGpasnaa P Beca p npe^cxaBjiaex co6oh xanxopoBy jiecxHHi],y. Oj^novi 
H3 ocHOBHbix i^ejiefi HacxoHmefl cxaxbH aBjiaexcji npoBo;i,HMoe xpaflHii,HOHHt>iMH xeopexH^ecKH- 
MH Mexo^aMH ycxaHOBjicHHe cnpaBe;];jiHBocxH yKaaaHHofl rnnoxeabi (h ^ajKe neKoxopbix Gojiee 
CHjiBHbix yxBep>K;];eHHH) npoHSBOjiBHofl (|)yHKij,HH P, HMeromefl KaHmopoecKuu mun caMO- 
noflpGnR. ToHHBie onpe^ejienna cooxBexcxByioin;HX noHHXHii 6y^yx ^anti naMH ^ajiee. 
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CjiepyeT oxMexHTb, hto b cjiynae D = acHMnxoTHKa co6cTBeHHbix sHaneHHH sa^^ann ([T]), 
([2]) HMeex bh;];, KopeHHbiM o6pa30M otjihhhbih ot ([3]) (cm. [4j). O^naKo ^jia n,ejieH Hacxoameft 
CXaTBH 3TO 06cT03TejIbCTB0 HBjiaeTca GespasjiHHHbiM. 

2. B oTjiHHHe OT pa6oT pTj h f2|, b Hacxoameli cTaxte mbi Gy^neM onnpaTbCH ne na Teopnio boc- 
cxaHOBjieHHa, a na ocij;HJiJiHii,HOHHyio xeopHio fljia aa^an IIlTypMa-JlHyBHjijia c cHHryjiapHtiMH 
K034)4)HLi,HeHTaMH, pasBHTyio B HeflaBHHx paGoTax [5] H [6)^)| . HpH 3TOM ocHOBHOH ynop 6y- 
fleT flejiaxbca naMH na HsyneHHe ocii;hjiji5iii;hohhl.ix cbohctb co6cTBeHHL.ix (|)yHKn;HH ne nepBofl, 
a BTopoH H Tpexbefl rpaHHHHbix 3a;i,aH jiJiii ypaBHenna [I](II]). Hmchho jijis xaKHx sa^^an 6y- 
flCT ycxaHOBjieHO HajiHHHe 9cJ)cJ)eKTa cneKinpaAhHou nepuoduHHOcmil^. nrpaiomero KjiioHeByio 
pojib npH nocjie^^yiomeM yTOHHeHHH xapaKTepncTHK acHMnxoTHKH [T]([2]). HcnojibsyeMaa ^ajiee 
xepMHHOJiorHa cooxBeTCTByeT peayjibTaTaM saMexKH [9], corjiacHo KoxopbiM nocTaBjieHHofl b 
TepMHHax Keaaunpouaeodnux [10', § 15] (JiopMajibHofl rpaHHHHofi sa^^ane 

(1) -y" - Apy = 0, 

(2) yW(0) - 7oy(0) = + 712/(1) = 

conocTaBjiaexcH jiHHeHHbm onepaTopHbifi nynoK Tp : C — t- i3(H^2^[0, 1], 1^2"^ [0) 1]) cbohctbom 

1 

(VAgC)(Vi/GH^2'[0,1]) (T,(A)i/,i/)= / \yfdx-\{pAy\^)+^oW)? + lim)?- 



3. CxpyKxypa cxaxbH HMeex cjie^yromnii bh^. B § 2 npHBo;i,5ixc3 HeoGxo^HMbie ji^ji^i ^^ajiBHeii- 



mero CBe;];eHH3 o caMono;];o6Ht.ix (|)yHKii,H5ix KanxopoBCKoro xnna h CBasaHHbix c hhmh cnnry- 



jiapHMx rpaHHHHbix aa^anax. B § 3 ycxanaBjiKBaexcH (|)aKx cneKxpajibHott nepHOflHHHocxH ji^ji^l 



HeKoxopbix H3 xaKHX rpaHHHHbix s&ji^a^i. B § 4, HocameM BcnoMoraxejibHbili xapaKxep, ycxanaB- 



jiHBaexcH npHMeHaeMbiii b ^^ajiBHefimeM KpHxepHfi cHHryjiapnocxH mohoxohhoh cJ)yHKii,HH. B § 5 



npoBo^Hxca ocHOBaHHoe na HcnojiBsoBaHHH cneKxpajiBHOH nepHo^HHHocxH yxoHHeHHe xapaxxe- 



pHCXHK K03(|)(|)Hn;HeHxa s H3 acHMnxoxHKH[T](|3]). HaKOHen,, b §_6 npHBO^axca HjijiiocxpHpyiomHe 
5iBjieHHe cneKxpajiBHoii nepno^HHHocxH pacHexHbie ^aHHbie. 

noacHaiomHe H3Jio>KeHHe ccbijikh npHBO^axca b KBa^paxHbix CKo6Kax. B o6iri;eM cjiynae ohh 
coflepjKax yKaaaHHe na HOMep naparpa(|)a h nynxxa. B cjiynae, Kor^a ccbijiKa flaexca BHyxpn 
oflHoro naparpacjDa, yxasaHHe ero HOMepa onycKaexca. 

HyMepan;H5i cJ)opMyji no^HHHaexca HyMepan;HH nynxxoB. B cjiynae, Kor^a ccbijiKa na (|)op- 
Myjiy ^aexcH BHyxpn o^Horo nyHKxa, yKasanne HOMepa sxoro nyHKxa onycKaexca. 

§ 2. CaMono/],o6Hbie cJ}yHKii,HH KaHTopoBCKoro xHna 



1 . Hycxb (|)HKCHpoBaHO HeKoxopoe naxypajiBHoe hhcjio x > 1 , a xaKJKe jxbq. BemecxBeHHbix hhc- 
jia a G (0, 1/x) H 6 ^ (1 — xa) / (x— 1). CBaaceM c sxhmh HHCjiaMH Ha6op xoneK a2k ^ k{a+h) h 
tt2A:+i ^ O-2k + 0'i ^f\^ k G {0, . . . , X— 1}. cI?yHKij,Hio / G C[0, 1], y^^oBjiexBopHiomyio paBeHCXBaM 
/(O) = H /(I) = 1, ML.I GyflfiM HasbiBaxb caMonodoSnou cf)yHK-u,ueu KanmopoecKozo muna c 

OT;i,ejii>Horo ynoMHHaHHH sacjiyjKHBaeT TaKJKC pa6oTa [7J, b KOTopoft 6mjih nojiyHCHbi 6jih3khc k Hcnojitay- 
eMbiM flajiee pesyjibTaTbi o nyjiax coGctbchhijIx 4)yHKn,HH fljia 4)paKTajii>Hi>ix onepaTopoB IIlTypMa-JlHyBHjijia. 
Oho Sbijio aHOHCHpoBano b xesHcax |8J. 
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napaMexpaMH x, a h 6, ecjin npn jiio6om Bt.i6ope nHj^eKca k G 1} ona nocxoHHHa na 

HHTepBajie {a2k-i, C(2k), h npn jiioGom Bt>i6ope HH;],eKca /c e {0, . . . , x— 1} (|)yHKij,Ha G C[0, 1] 
BHfla 

fk{x) ^ >if{a2k + aa;) 
coBna^aeT c 4)yHKii,HeH / c tohhoctbio j\o aftHHTHBHOH nocxoaHHofi. 

B HacTHOCTH, KjiaccHHecKaa KanxopoBa jiecTHHii,a npe^cTaBjiaeT co6oii caMono;];o6Hyio 
(|)yHKn;HK) KaHxopoBCKoro xHna c napaMexpaMH x = 2, a = 6=l/3. 

Ha ocHOBe HSBecxHbix peayjibxaxoB [2], jiexKo ycxanaBjiMBaexcH, hxo Ka.yKjxb,m ;i,ony- 
CXHML.IH Ha6op napaMexpoB x, a h 6 onpe^ejiaex e^HHcxBenHyio caMonofloGnyio (\)yBKi\mo. 
Bojiee xoro, sxa (|)yHKn;H3 sBjiaexcH apH(|)MexHHecKH caMono;];o6HOH c maroM v = ln(x/a), a 
ee cneKxpajiBHbm nopa^OK onpe^^ejiaexca paBencxBOM D = z/~^lnx G (0, 1/2). 

JlerKO npoBepHXb, hto fl^Jis jiioGoh caMono;i,o6HOH cJ)yHKij,HH / KanxopoBCKoro xnna (|)yHK- 
n;H5i 1 — / (I — ■) npe;];cxaBji3ex co6oh caMono;];o6Hyio (|)yHKii,Hio KanxopoBCKoro xnna c xcmh ace 
napaMexpaMH x, a n 6, nxo n Hcxo;];naa. TeM caMbiM, cnpaBCfljinBo cjie^^yioniee yxBepac^enne: 

1.1. Uycmb / G C[0, 1] — caMonodoBnaH (fjyHKV^usi KanmopoecKoso muna. Tosda eunoAHHemcsi 
mocHcdecmeo 

(VxG [0,1]) /(x) = l-/(l-x). 



2. B oxjinnne ox cjiynaa sa^ann /I,HpHXjie, r^e Bee p G Vr^^[0, 1] nojinocxbio sa^aexca CBoen 
KBa^paxnnno cyMMnpyeMon o6o6n];ennoH nepBooGpaanon P, b cjiynae 3a;i,anH HenMana fl^Jis 
onpe^ejienna Beca p G iy2~^[05 1] (J^opMyjion 

1 

{\fyeW^[0,l]) {p,y) = -l PVdx+Py\l 



;];onojinHxejibno xpeGyexca yxasanne „rpanHnnt>ix ananennn" P(0) n P{1). Ecjih o6o6n];enna3 
nepBooGpaanaH P aBjiaexcs nenpepbiBnon, xo na pojit> xaxnx ananennii ecxecxBenntiM oGpasoM 
BbiGnparoxca „o6t.innL.ie" rpannnnbie snanenna (|)ynKn;HH P. CooxBexcxBenno, KBa^paxnnnaH 
(|)opMa onepaxopoB Tp(A) ns nynxa, oxBenaion];ero rpannnnon 3a;i;ane [§T| 2]([T]) , [§T| 2](|21) , rfl<e Bee 
p npe;i,cxaBji5iex coGon o6o6n];ennyio npoH3Bo;i,nyio caMono;],o6noH (|)ynKn;HH P KanxopoBCKoro 
xnna, npnnnMaex bh^ 

1 

(1) {T,{X)y,y) = J{\yf + XPHyl')'} dx + 70 + (7i - A) 1^(1)1^ 



HsBecxno |12) . [9], nxo jnoGaa (|)ynKn;H5i y, npnna^jiejKantaa a^py onpe^ejiennoro xojk- 
^ecxBOM ([T]) onepaxopa Tp(A), o6jia;];aex aGcojiioxno nenpepbiBnon y^^jinnennon npoH3Bo;i,noH 
y^^^ ^ y' + XPy, y^oBjiexBopaionien cooxnomennaM 

iy<'>y = -X'P'y + XPy<'>, 

y<'>{0) - 7oy(0) = y<^>(l) + (71 - X)y{l) = 0. 

BBH^y nenpept-iBnocxH 4)ynKn,HH P, oxciofla neMe^jienno Bbixexaex nenpeptiBnas ^ncjxjjepen- 
n;HpyeMocxb 4)ynKn;HH y n CBHsannaa c sxhm BOSMoacnocxb npHMoro nonnManna rpannnntix 
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ycjiOBHH |§ 1| |2](|2]). OTCio;];a ace Moacex Gbitb nojiyneH [6l, YTBepac^^eHHe 11] cjie;];yioiri;HH BaJKHbiii 
2.1. Uycmb {AnjJ^o ^ nocAedoeameA'bHocm'b sanyMepoeaHHUx e nopsidKe eoapacmanusi co6- 



cmeeHHUx SHaneHUU zpanunHou sadauu [^Tf lKIIl) , ^ i[E(l2]). Tosda neaaeucuMO om eu6opa uh- 
dcKca n G N co6cmeeHHoe ananeHue A„ sieAsiemcsi npocmuM, npuHCM Aw6a^ omecHamvuasi CMy 
co6cmeeHHaji cf}yHKHun ne o6pavnaemcsi e nyAt na spanwu^e ompesna [0, 1] u UMeem enympu 
amoso ompesKa e mouHocmu n pasAUHHUx nyAeu. 

3. JlerKO BnflfiTh [2](IT])], hto saMena K03(|)(|)Hn;HeHT0B 70 h 71 b rpaHHHHbix yc.noBHgx |§ 1| |2]([2]) 
npHBo;];HT K BoaMymeHHio KajK^oro hs onepaTopoB Tp(A) neKOTopbiM onepaxopoM panra 2. Ha 
oGmeH BapHaii;HOHHOH TeopHH ny^KOB caMoconpajKeHHbix onepaxopoB (cm., nanpHMep, [13] ) 
noTOMy cjie^yeT, hto cHHxaiomHe (|)yHKij,HH coGcTBeHHbix sHaHeHHfi pasjiHHHbix xpeTbHx rpa- 
HHHHL.IX 3afl,aH, oTBenaiomHx o;i,HOMy H TOMy >Ke ypaBHCHHio |§ 1| |2]([T]), He Moryx pasjiHHaxbCH 
6ojiee, HCM na 2. AnajiornHHaa cbhsb HMeexca Me>K;i,y cHHxaiomHMH (|)yHKn;HHMH xpexbefi rpa- 
HHHHOH sa^aHH H sa^^aHH JXupuxjie — KBa^paxHHHaa (|)opMa Koxopofl nojiynaexca hs KBaflpa- 
XHHHOH (|)opMt.i xpexbefi rpaHHHHOH saflaHH cyaceHHCM na no;];npocxpaHCXBO KopasMepnocxH 2. 



TeM caMBiM, acHMnxoxHHecKaH c|)opMyjia §J^[I](l3]) cnpaBe^jiHBa ^jia cnexxpoB Bcex paccMax- 
pHBaeMbix ^ajiee rpaHHHHbix sa^an. 

§ 3. CneKTpajibHaH nepHOflHHHOCTb 

1. HMeiox Mecxo cjie^yiomHe xpn (|)aKxa: 

1.1. Uycmb {A„}5^Q — nocAedoeameAbHocmh sanyMepoeaHHUx e nopHdne eoapacmaHUH co6- 



cmeeHHUx SHaneHuu omeenammeu ypaeneHUTO § i[^([T]) spanuHHOu sadanu 

(1) yW(0) = i/W(l) = 0. 

Todda neaaeucuMO om eu6opa undeKca n eunoAHAemcH paeencmeo 

(2) A^„ = (x/a) A„. 



/I,OKa3axejibcxBo. 3a(|)HKCHpyeM oxBenaiomyio coGcxBeHHOMy sHaneHHio A^ coGcxBen- 
Hyio (|)yHKii;Hio ne oGpamaiomyioca b nyjib na rpaHHn;e oxpesKa [0, 1] h HMeiomyio BHyx- 
pH Hero B XOHHOCXH n pasjiHHHbix nyjiefi |§ 2|I2.1| . ConocxaBHM efi nexpHBHajiBHyio 4)yHKn;Hio 
z G C[0, 1], y;i,OBjiexBopHioiri;yio cjie;];yioiri;HM ycjioBHHM: 

1°. HpH JI1060M Bt.i6ope HH^eKca /cG{1,...,x— 1} 4)yHKn;HJi z nocxosHHa na HHxepBajie 
(a2fc-i,«2fe)- 

2°. HpH J11060M BBiGope HHfleKca k G {0,...,x — 1} 4)yHKn,HJi BH^a 

Zfc(x) ^ z{a2k + ax) 
coBna^aex c c|)yHKn;HeH ?/„ c xohhocxbio MyjitxHnjiHKaxHBHoii nocxoHHHoii. 



C ynexoM c;];ejiaHHL.ix b nyHKxe [§2| 2] saMeqaHHH, rpaHHHHbie ycjioBHa ([T]) rapaHXHpyioT nenpe- 
pbiBHyio ^H(|)(|)epeHii;HpyeMOCTt. (|)yHKii;HH z. HpH stom (|)aKT caMono;i,o6HH 4)yHKij,HH P no3- 
BOJiaex jierKo npoBepHTb, hto yfljiHHeHHaa npoHSBOflnaa z"^^^ ^ z' + {x/a) XnPz a6cojiioTHo 
HenpepbiBHa h y^oBjiexBopaex cooxHomeHHHM 

(^<i>)' = -{x/af XlP^z + (x/a) A„P^<i>, 

^<i>(0) = 2<i>(l)-(x/a) A„z(l) = 0. 

TeM caMbiM |12) . [9], 4)yHKii,H5i ^ npe^cTaBjiaeT coGofl coGcTBeHHyio 4)yHKii;Hio rpaHHHHofi sa- 
flaHH [§T]|2]([T]), (II]), oTBenaiomyio co6cTBeHHOMy aHaneHHio (x/a) A„. HpH stom ona HMeex na 
HHTepBajie (0, 1) b tohhocth xra pasjiHHHbix nyjiefl, hto h osHanaex |§ 2|I2.1| BbinojineHHe pa- 
BeHCTBa (|2]). □ 

1.2. Uycmb {A„}^o ^ nocAedoeameA'bHocmt, sanyMepoeaHHUx e nopHdne eospacmanusi co6- 



cmeeHHUx SHaneHuu omeenammeu ypaeneHUTO § i[^([T]) spanuHHOu sadanu 



6l/W(0)-2|/(0) = 6/1(1) + 2|/(1) = 0, 

{fJ'n}'^=o ^ anaAoguHHasi nocAedoeameAbHocnih Bah omeeHamineu moMy CHce ypaeHeHum zpa- 
HUHHOU aadauu 

6?/W(0) - 2ay(0) = 6i/W(l) + 2ay{l) = 0. 
Toada nesaeucuMO om eu6opa undeKca n G N eunoAHHemcn paeencmeo 

A><(n+1)-1 = i^/O') f^n- 

^OKaaaxejiBCTBo npoBo^Hxca aHajiorHHHbiM ^oKasaxejitcTBy yxBepjK^eHHH 11.11 cnoco6oM. 
OcHOBHoe OTjiHHHe saKjHOHaexca b tom, hto HcnojitsyeMBie npn „cmHBKe" KonHii hcxo^hoh 
co6cTBeHHOH (|)yHKn;HH ropHsoHTajiBHBie oxpesKH 3aMeH5iioTC5i Ha HaKjioHHbie c HyjiHMH B n;eH- 

TpaX COOTBeTCTByiOmHX HHTepBajIOB {<y2k-l,C(2k)- 

1.3. nycmt {A„}5^o ^ nocAedoeameA'bHocm'b sanyMepoeaHHUx e nopsidne eoapacmaHusi co6- 



cmeeHHUx SHaneHuu dpanuHHOU sadanu §_J_\R^, ([I]), a {^n}'^=Q — anaAoauHHasi nocAedoea- 
meAhHocmt) Oasi omeenawmeu moMy Mce ypaeneHum spaHuuHoil aadauu 

(3) yW(0)= 6/1(1) + 2ay(l) = 0. 

Tozda e cAynae HemHocmu napaMempa x nesaeucuMO om eu6opa undeKca n eN eunoAHHemcH 
paeencmeo 

^OKasaxejibCTBO xaKJKe npoBO^HXCH aHajiornHHtiM ^OKasaxejitcTBy yxBepjK^^eHHH 11.11 cno- 



co6oM. HpH 3XOM yHHXBiBaexca xo o6cxoaxejibcxBo |§ 211. H |§ 2| [2|([T])], hxo fljia jiioGoh co6- 
cxBeHHOH 4)yHKii;HH yn rpaHHHHOH sa^aHH [§T] I2](1I]) , OS]) (|)yHKij,H5i ?/„(l — ■) npeflcxaBjisex coGoft 
co6cxBeHHyio 4)yHKii;HK) oxBenaiomeii xoMy tkb ypaBHeHHio rpaHHHHoii safl^anm 

6/(0)-2ay(0)=/(l)=0. 

CoGcxBeHHaa (|)yHKii;H3 z rpaHHHHofl aa^ann |§ 1| 12]([T]), ([1]) cocxaBjiaexca npn sxom hs nepe- 
flyiomnxcs Konnii 4)yHKLi;HH y„ h y„(l — ■), „cmHBaeML.ix" naKjioHHtiMH h ropHSOHxajiBHbiMH 
oxpesKaMH nonepeMeHHO. 



§ 4. KpHTepHH CHHryjiapHOCTH 
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1 . Ha npoTSJKeHHH HacToamero naparpa(|)a mm oTcxynaeM ox npoBOflHMoro b ocxajibHoii nacxH 
cxaxbH saKpenjieHHa chmbojiob a h 6 sa napaiviexpaMH caMonofloSnfl. 

1.1. Uycmh f G L2[a, b] — Hey6ueawiu,an ^i/hkv^um, a A u B — dea pasAUUHUx eeiu,ecmeeHHUx 
Hucjia, noHmu ecwdy na ompesKe [a, b] ydoejiemeopAwmue HepaeencmeaM 

A ^ f{x) ^ B. 

Toeda npu aw6ux n E N u e > naudemcH cmyneHHamaH (pynKv;aH c we 6oAee hcm 
2" moHKaMU paapuea na unmepeajie {a,b), mootcdecmeeHHO paenaA A na neKomopou npaeou 
OKpecmHocmu moHKU a, mootcdecmeeHHO paenaA B na HCKomopou Jieeou OKpecmnocmu mouKU 
b, u ydoejiemeopAwinaA Hepaeencmey 

11/ - fn\\L,iaM < 2-" ■il + e)-{B-A). Vb^. 



/^OKaaaxejiBCXBO. Bea orpanHHeHHa o6ii];hocxh paccMOxpeHHs MoacHO CHHxaxb 4)yHK- 
ii;hio / HenpeptiBHoii. 3xo h Sy^ex ^ajiee npeflnojiaraxtca. 

BocnojibsyeMca MeToppu apHcJ^MexH^ecKOH rnHpyKixw. Hpn n = na pojib hckomoh 4)yHK- 
ufiR /o MOJKex 6bixb Bsaxa 4)yHKri,HH, npHHHMaioiri,aii sHaneHHe A cjieBa ox xohkh (a + b)/2, 
H SHaneHHe B — cnpaBa. ^ajiee, 3a(J)HKCHpyeM iipoHSBOJitHoe hhcjio 5 > 0, yflOBjiexBopaioinee 
HepaBCHCXBy 

(1) {l + 5f<l + e. 

3aBe/],OMO HMeex jviecxo o^hh hs cjie^yiomHx xpcx cjiynacB: 

1°. Haliflexcfl xoHxa ( G («, yflOBjiexBoparomaH HepaBCHCxBy 



/(C) - ^ 



< S — . 



B+A „ B-A 



2°. BbiiiojiHHexcH HepaBCHCxBO 

/(«)> 

3°. BbinojiHflexcfl HepaBencxBO 

B + A ^ B-A 

B nepBOM cjiynae, corjiacHo HH^yKXHBHOMy npeflnojioaceHHio, naiiflexcH cxynennaxaH (|)yHK- 
ii;hh fn+i, HMeiomaH ne 6ojiee 2" xohck pasptma na Kaac^^oM h3 HHxepBajioB (a, () h ((^, 6), xojk- 
^ecxBeHHo paBHaa A na neKoxopoH npaBofl oKpecxHocxH xohkh a, xojK/j,ecxBeHHo paBHaa B na 
HeKOxopoii jieBoii OKpecxHOCXH xohkh b, npHHHMaioiii,aa SHaneHHe /(C) b HeKOxopott OKpecxHO- 
cxH xoHKH C, a xaKJKe yflOBjiexBopflioiii,afl nepaBencxBaM 



11/ - /n+l||L.[a,C] < ■ (1 + 5) ■ (/(C) - ^) ■ ^C^, 

11/ - Uih^icM < 2- ■{l + 6)-{B- /(C)) ■ Vb^- 
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BBUfly ([1]), nocjieflfiee Bjienex cnpaBe;i,jiHBOCTb hckomoto HepaBencTBa 

(2) 11/ - /n+i||L,M] < 2-"-^ ■{l + e)-{B-A)- Vb^. 

Bo BTopoM cjiynae, corjiacHo HH^yKXHBHOMy npe^^nojioaceHHio, nafi^eTCH cxyneHHaxaH 
(|)yHKii;Ha /„, HMeromas ne Gojiee 2" tohck paspbiBa na HHTepBajie (a, 6), To>K;i,ecTBeHHo paB- 
Haa /(a) na neKOTopoH npaBoft oKpecTHocTH tohkh a, TOJK^ecTBeHHo paBHaa B na neKOTopoii 
jieBofi OKpecTHOCTH TOHKH b, a xaKJKe y;];oBjieTBopaioiii;aa nepaBencTBy 

11/ - fnh^iaM < 2-" ■ (1 + 5) • (5 - /(a)) . Vb^, 

a noTOMy h HepaBencTBy 

11/ - /nlU^M < 2-"-^ • (1 + e) ■ (S - A) ■ 

CxporHH xapaKxep nocjie^^nero nepaBencTBa nosBOJiHex xenepb, HSMenaH (|)yHKn,HK) /„ na ;i,o- 
cxaxoHHo MajioH oKpecxHocxH xoHKH a, nocxpoHXb cJ)yHKii;Hio /„+i, HMeiomyio ne Gojiee 2" + 1 
xoHCK paspbiBa na HHxepBajie (a, 6), xo>K;i,ecxBeHHo paBHyio A na neKoxopofl npaBofi oKpecx- 
HocxH xoHKH a, xo>K;];ecxBeHHo paBHyio B na neKoxopofl jieBofi oxpecxHocxH xohkh 6, h y;];o- 
BjiexBopaiomyio nepaBencxBy ([2]). 

TpexHii cjiynaii pasGnpaexca aHajiorHHHo BxopoMy. □ 

1.2. Uycmt f G L2[0,l] — ospaHuueHHan HeyBueamvuasi Hucmo cumyAsipHasi (fiyHKii^un. Tosda 
HaudemcH nocAedoeameAhHocm'b {fn}^=o Hey6u6amvnux cmynemamux cfjyHKv^uu, ydoeAemeo- 
psimvuasi npu n — )■ oo acuMnmomuHecKOMy coomHomeHum 

(#2t„ + 2)-||/-/„|U,[o,i]=o(l), 

dde uepes {2tn}^o oBosHautHa nocAedoeameAbHocnib MHOMcecme moneK paapuea (fiyHKii,uu /„. 

^OKaaaxejiBcxBo. 3a(|)HKCHpyeM npoHSBOJiBHoe BemecxBeHHoe hhcjio e > 0, h npe^cxa- 
BHM \14\ TeopeMa 13.3] cHHryjiapHyio 4)yHKii;Hio / b BUflfi cyMMbi fl,Byx orpaHHHeHHbix Hey6t>i- 
Baioin;HX 4)yHKn;HH g n h cjie^yiomero BH^a: 

1°. HaH;];exc3 BemecxBeHHoe hhcjio C, hohxh BCiojxy na oxpesKe [0, 1] y^^oBjiexBopaiomee 
cooxHomeHHaM 

C ^ g{x) ^C + e. 

2°. Haii;],exca CHCxeMa {Ffc}^]^ nonapno HenepeceKaioin;HXCH HHxepBajiOB, coflepjKamaa Bce 
xoHKH pocxa (|)yHKij,HH /i, H HMeiomaH He ripeBocxo^amyio cyMMapnyio j^jmny. 

06o3HaHHM Hepes ^jikhbi HHxepBajioB F^,, a nepes (i^ — npHpamenna c|)yHKn;HH /i na 3xhx 
HHxepBajiax. CorjiacHo yxBepjKfleHHio ll.H npn jiio6om n G N Haflflexca cxynennaxaa (|)yHKn,Ha 
CO cjie^yioinHMH cBoftcxBaMH: 

1°. Bce xoHKH paspbiBa (|)yHKn;HH hn co^epacaxca b o6x.eflHHeHHH HHxepBajioB Tk- 
2°. Ha KaJKflOM h3 HHxepBajiOB r^, r^e k G {l,...,m}, (|)yHKn;H5i hn hmccx hc 6ojiee 
+ 1 xoHCK paspbiBa. 
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3°. BbinojiHsioTca HepaBencTBa 



11^ - ^n|lL[o,i] ^ + 1/2)-' • 4a, 4 

k=l 

rn 

k=l 

AHanorHHHbiM oSpaaoM, naiifleTCfl HMeioii],aa na HHTepBajie (0, 1) ne Sojiee 2" tohck paapMBa 
CTyneHHaTaa 4)yHKi];Hfl gn co cbohctbom 

lb - fn||L2[0,l] < 2^~''e. 
ripH 3T0M 4)yHKi];Hfl fn'^hn + Qn HMecT He 6ojiee 

' m \ 

1 + ^ dk\ -\-m 

k=l / 

TOHCK paspbiBa Ha HHxepBajie (0, 1) h annpoKCHMnpyeT b cmbicjic cpe^nero KBaflpaxHHHoro 
4)yHKn;Hio / c tohhoctbk) ne xyjKe 2^~"£. CooTBeTCTBeHHO, npn flocTaTOHHO Sojibiuhx ana- 
HeHHsx n npoH3BefleHHe yBejinneHHoro na 2 HHCJia ToneK paaptiBa 4)yHKii,HH h BejiHHHHbi 
11/ - /n||L2[o,i] aaBeflOMO flonycKaeT o^eHKy 

8e-{2 + B-A), 

rjie An B — npoHSBOjibHbiM o6pa30M 4)HKCHpoBaHHt>ie hhjkhhh h BepxHHH cymecTBeHHbie rpa- 
HH 4)yHKi];HH /. BBH^y iipoHSBOjibHocTH Bt>i6opa BejiHHHHbi £ > 0, nojiyHeHHbie pesyjiBTaTBi 
osHanaioT cnpaBefljiHBOcTb ^oKasbiBaeMoro yxBepjK^eHHa. □ 

1.3. nycmh f G [0, 1] — ozpaHuueHHasi Hey6u6amvui^asi cfyyuKyuji, {fn}'^=o — nocAedoeameAh- 
Hocrrih Hey6ueaminux cmyneHuamux (pyHKyuil, a {21„}^q — nocAedoeameAhHocm'b MHOCHcecme 
moHCK paapuea (pyHK%uu /„. nycmt> maKOfce npu n — > oo eunoAHHemcH acuMnmomuHecKoe 
coomHomeHue 

(#2l„ + 2)-||/-MU,[o,i]=o(l). 
Tosda MOHomoHHaA ^yHKV,UA f neAnemcn Hucmo cumyAApnou. 

^OKaaaxejibCTBO. Be3 orpaHHHeHHfl o6iii,hocth paccMOTpennfl mojkho CHHTaTb, hto 
npH jiioSoM Bi.i6ope HH^eKca n e N BbinojiHaiOTCfl cooTHomeHHfl 

11/ - /n|U2[0,l] 7^ 0> 

(3) 2{n + ly ■ + 2) • 11/ - /„|U,[o,i] < 1. 

3to h 6yfleT ^ajiee npeflnojiaraTbca. 

BBe^eM B paccMOTpenne 4)yHKi];HH : [0, 1] [0, 1] BH^a 

(4) ^mf(l, ||/-/„||-i[o^,dist(x,2l„U{0,l})). 

HeaaBHCHMO ot BbiSopa HH^eKca n e N 4)yHKii,Hfl flBjiaeTCfl aScojiiOTHO nenpepbiBHoii, h a6- 
cojiiOTHaa BejiHHHHa ee npoHSBOflHoii hohth Bciofly MajKopHpyexcs BejiHHHHott ||/~/n||/^2^[o ij- 
KpoMe Toro, npn jiioSom n G N 4)yHKii;Hfl TOJKflecTBeHHO paBHa 1 na neKOTopoM otkpbitom 



MHOJKecTBe, HMeiomeM ;];onojiHeHHe He npeBocxo;];jiiri;eH (n + Mepbi [([3])]. CooTBeTCTBeHHO, 

Bt>inOJIH3IOTC3 COOTHOmeHHa 

111 





1 







i 

= -y"(/ - fnWndx 


^ 11/ - /n||L2[0,l] ■ IIV5nlU2[0,l] 



1 



oaHaHaiomHe cxo^hmoctb hhcjiobbix pa^oB 

1 



/ ^ndf, 
n=0 n 





1 



oo „ 

^ / (1 - c/x. 







n=0 

Tor;i,a, corjiacHO xeopeMe B. JIcbh, MHoacecxBO tohck cxo;i,hmocth (|)yHKn;HOHajibHoro p3;];a 



n=0 

npeneGpejKHMo no jiHHeliHOH Mepe JleGera h oGjia^aex ^onojineHHeM, npeneGpeacHMbiM no Mepe 
c (|)yHKn;HeH pacnpeflejieHna /. □ 

§ 5. YTOHHeHHe xapaxTepHCTHK cnexTpa 

1. OcHOBHOH n,ejiBio nacToamero naparpacj)a sBjiaexca ycTanoBjienne cjie^yiomnx ^Byx (|)aK- 
tob: 



1.1. KoacficpuUiUeHm s us acuMnmomuKU § donycKaem npedcmaeAenue 

(VtG[0,z/]) s{t) = e-^'a{t), 
ede a — HeKomopafi Hucmo cumyAsipHasi HeyBueawvuasi <pyHKv;uR. 



1.2. Ko3(f)(fjuyueHm s us acuMnmomuKU § ne neAHemcH nocmosiHHOu (fiyHKU^ueu. 
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yTBep>K;];eHHe 11.21 npe;i,CTaBjiHeT coGofi xpHBHajibHoe cjieflpTBne yxBepac^^eHHa 11.11 JX^R- 
CTBHxejibHO, nocToaHHOCTb (|)yHKn;HH s paBHOCHJiBHa BBinojiHeHHK) Ha oxpesKe [0, u] TO>K;i,ecTBa 
a{t) = const ■ e^*, osHanaiomero aGcojiioTHyio nenpepbiBHocTb (|)yHKi];HH a. TaKHM oGpasoM, 
yxBepjK^eHHe 11.11 mo^kct Gbitb paccMoxpeHo b KanecxBe e^HHcxBeHHoro i^eHxpajibHoro peayjit- 
xaxa Hacxoamero naparpa4)a. 

2. IlpH ;];oKa3axejibcxBe yxBepac^eHHg [TTT] naMH 6y;i,ex HcnojibsoBaxbCH cjie^yromnfl (|)aKx: 

2.1. Uycmb {A„}J^o ^ nocAedoeameAbHocmh sanyMepoeaHHUx e nopstdne eoapacmaHUH co6- 
cmeeHHUx SHaueHuu spanuHHOu sadauu 

(1) -y" - Xpy = 0, 

(2) /1(0)=/1(1) = 0, 

a {yU„}J^Q — anaAOdUHHaH nocAedoeameAhHocm'b Oasi omeeHawmeu moMy atce ypaeneHuto zpa- 
HUHHOU sadaHU 

y'"(0)-7oy(0) = yW(l)+ 711/(1) =0, 
zde 7o, 7i ^ 0. Tosda nocAedoeameAhHocm'b nacmuuHux cyMM HUCAoeogo psida 

oo 

I In /in - In A„| 

n=l 

H6Asiemcsi oepaHUHeHHOu. 

/I,oKa3axejit.cxBo. 3a(|)HKCHpyeM nponsBOJiBHoe sHaneHHe e > 0. SaMexnM, hto KBa^i;- 



paxHHHaa (|)opMa §_^|2](1T]) onepaxopa Tp{—e), oxBenaiomero rpaHHHHott aaflaie ([T]), ([2]), jib- 
jisexcH paBHOMepHO nojiojKHxejiBHoli. HosxoMy onepaxop JTp{—e) : W2[0,l] ~^ [0)1]; ^P^^ 
nepes J : 1^2" 1] ^ [0. 1] o6o3nanena HSOMexpna 

{\fy e W,-'[0,1]) i\/z E W^[0,1]) {Jy,z)w^[o,i] = {y,z), 

npe^cxaBjiaex co6oh paBnoMepno nojio^KHxejibntin orpannnennbin onepaxop b rnjibGepxoBOM 
npocxpancxBe Vr2^[0, 1]. BBe^a oGosnanenne S ^ [JTp(— naxo^HM xenepb, nxo nocjie- 
flOBaxejiBHocxH {Xn + £}'^=Q H {/in + ^}J?Lo o6pa3yiox, cooxBexcxBenno, cneKxpbi nynxoB 

1 — XSJpS, 
(l + K)- XSJpS, 



r^e K — neKoxopBiH neoxpHn;axejiBnt.iH onepaxop Konennoro panra |§ 2| [2]([T])]. Corjiacno |15[ 
6.2], 3XO oananaex, hxo nocjie^oBaxejiBHocxt. nacxHnnbix cyMM nncjioBoro pafla 



Xn + e 



n=0 

5iBji5iexc3 neyGbiBaiomen n orpannnennon. Oxcio^a, c ynexoM acHMnxoxHKH |§ 1| [I](|S1) h nepa- 
BencxBa D < 1 |§ 2|[I], neMe^jienno Bbixexaex hckomoc. □ 



3. riepen^eM xenept k ^oKaaaxejibcxBy co6cxBenno yxBep^Kflenna 11.11 Hepea {A„}J^o ^pn 
3XOM Mbi, KaK H npH ^oKasaxejibcxBe yxBepacjienng [2?T| 5yfleM oGoanaHaxb nocjieflOBaxejibnocxt. 
sanyMepoBanntix b nopa^Ke Bospacxanna co6cxBennL.ix snanennn sa^^ann |2]([T]), |2](|2]). 
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n 


\i 


6An 


A2n 


1 


7, 0974 ± 10- 


-4 


42, 584 ± 10- 


-3 


42,584 ± 10- 


-3 


2 


42,584 ± 10- 


-3 


255,51 ± 10- 


-2 


255,51 ± 10- 


-2 


3 


61,344 ± 10- 


-3 


368,06 ± 10- 


-2 


368,06 ± 10- 


-2 


4 


255,51 ± 10- 


-2 


1533,0 ± 10- 


-1 


1533,0 ± 10- 


-1 


5 


272,98 ± 10- 


-2 


1637,9 ± 10- 


-1 


1637,9 ± 10- 


-1 


6 


368,06 ± 10- 


-2 


2208,4 ± 10- 


-1 


2208,4 ± 10- 


-1 


7 


383,55 ± 10- 


-2 


2301,3 ± 10- 


-1 


2301,3 ± 10- 


-1 


8 


1533,0 ± 10- 


-1 


9198,2 ± 10- 


-1 


9198,2 ± 10- 


-1 


9 


1548,0 ± 10- 


-1 


9288,3 ± 10- 


-1 


9288,3 ± 10- 


-1 



Tabjihli,A 1 . On;eHKH nepsbix co6cTBeHHB.ix SHaneHHii sa^ann HeflMana ^jih cjiy- 
Haa x = 2, a = 6= l/3. 



SaMeTHM |§ li mdS])], HTo npH hohth Bcex t G [0, v\ BbinojiHaeTCH paBCHCTBo a{t) = lim ak{t), 

fc^oo 

rfle nojiojKeHO (Tfc(t) ^ M:~^N{e^''~^^). SaMexHM xaKJKe, hto nesaBHCHMO ox BL.i6opa HH/i;eKca 
/c e M Bcex t e [0, z^], y^oBjieTBopaiomHx npn neKOTopoM n eN HepaBencTBaM 



3HaHeHH5i 4)yHKii;HH (jfc H (Tfc+1 coBna^aioT |§ 311.1) . a ^Jia hohth Bcex npoHHX t G [0, z/] pasjiH- 
HaioTca He 6ojiee neM na Hpn stom nocjie^oBaxejiBHOCTB HacTHHHtix cyMM pa^a 



X] 1 1^ A^(„+i)_i - In A, 



n=l 

HBjiaexcH orpaHHHeHHoii |§ 3 II. H § 3|ll.2[ 12.1) , a noxoMy npn k ^ oo Mepa MHOxcecxB 

{t G [0,z/] : ^fTfc(t)} 
HMeex acHMnxoxHKy o(l). CooxBexcxBenHO, cnpaBe;];jiHBL.i oi^chkh 

a xor^a h BbixeKaiomaji hs hhx acHMnxoxHKa 



O X 



^1^2 [0,1/] 

C ynexoM xoro (|)aKxa, hxo hhcjio xoneK paspbiBa (|)yHKn;HH ak saBCflOMO |§ 1| [I](|3])] ^onycKaex 
npH A; — )■ oo on;eHKy Kjiacca 0{>i'^), 3xo h osHanaex |§ 411.3) cnpaBefljiHBocxt ^oKastiBaeMoro 
yxBep>K;],eHH5i. 



6. IIpHMepbi 



1. Bee xa6jiHii;bi hs HaexoHmero naparpacj)a eo^epjKax ^anHtie, oxHoeamneea k ypaBHenHio 
IIIxypMa-JlHyBHjijia, BeeoBOH 4)yHKii;HeH b KoxopoM Btiexynaex o6o6in;eHHa3 npoHSBOflnaa Kan- 
xopoBoii jiecxHHn;L.i. 
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n 




6/in 


A2n+1 





3,2983 ± 10- 


-4 


19, 790 ± 10" 


-3 


19,790 ± 10- 


-3 


1 


12,558 ± 10- 


-3 


75, 349 ± 10" 


-3 


75, 349 ± 10- 


-3 


2 


48,946 ± 10- 


-3 


293, 67 ± 10- 


-2 


293, 67 ± 10- 


-2 


3 


65,832 ± 10- 


-3 


394,99 ± 10- 


-2 


394,99 ± 10- 


'2 


4 


261,64 ± 10- 


-2 


1569,8 ± 10- 


'1 


1569,8 ± 10- 


-I 



Tabjihli,A 2. On;eHKH nepBMX co6cTBeHHL.ix SHaneHHii sa^ann ?/t^l(0) — 2?/(0) = 0, 
?/W(l) + 2y{l) = cjiyw x = 2, a = 6 = 1/3. 



n 




6/U„ 


A2n+1 





1,1829 ± 10" 


-4 


7, 0974 ± 10" 


-4 


7, 0974 ± 10" 


-4 


1 


10,224 ± 10- 


-3 


61,344 ± 10- 


-3 


61,344 ± 10- 


-3 


2 


45, 497 ± 10- 


-3 


272,98 ± 10" 


-2 


272,98 ± 10- 


-2 


3 


63,925 ± 10- 


-3 


383,55 ± 10" 


-2 


383,55 ± 10- 


-2 


4 


258,01 ± 10- 


-2 


1548,0 ± 10~ 


-1 


1548,0 ± 10- 


-1 



Tabjihli,A 3. On;eHKH nepBMx co6cTBeHHB.ix sHaneHKH aaflanH |/^^'(0) = 0, 
?/W(l) + 2|/(1) = cjiyw X = 2, a = 6 = 1/3. 



B Ta6jiHn;e[T]npe^cTaBjieHL.i pesyjiBTaxbi HHCjieHHtix pacnexoB ^jih nepBtix ^eBHXH nojiojKH- 
TejiBHbix co6cTBeHHt>ix 3HaHeHHH saflaHH HeHMana. /],aHHt>ie Ta6jiHi],Bi HjijnocxpHpyioT yxBep- 
jKfleHHe |§ 31 11. 11 



B Ta6jiHi];e |2] npe^cTaBjieHbi pesyjibxaTBi HHCJieHHBix pacnexoB ^jih nepBtix hhth co6cTBeH- 
HL.IX sHaneHHii rpaHHHHoii sa^ann ?/'^^(0) — 2y{0) = y^^^{l) + 2y{l) = 0. HeTBepxtm cTOJiGeu; 
co^epjKHT co6cTBeHHt.ie sHaneHHii rpaHHHHoli sa^anH y'^^(O) — 6?/(0) = ?/'^^(l) + 6?/(l) = 0. 



/laHHbie Ta6jiHii;bi HjijiiocTpHpyioT yTBepjK^eHHe § 3 11.21 

B Ta6jiHn;e |3] npe^cxaBjieHbi peayjibxaTBi HHCJieHHbix pacnexoB ^jih nepBbix naxH co6cTBeH- 
HBix 3HaHeHHH rpaHHHHOH sa^aHH |/'^'(0) = |/^^'(1) + 2?/(l) = 0. HexBepTBiii cTojiGen; co^epjKHx 
B35iTL.ie H3 Ta6jiHn;L.i [T] co6cTBeHHB.ie SHaneHHa sa^ann HeHMana. /JanHbie Ta6jiHn;L.i hjijiioctph- 
pyioT yxBepjK^eHHe |§ 3|ll.3[ 

JXjis nojiyneHHa npHBe^eHHoro HjijiiocTpaTHBHoro MaTepnajia naMH 6t.ijia HcnojibsoBana 
BbiHHCjiHTejiBHaa MeTo;];HKa, onncaHHaa b paGoxe 
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